Abstract -In the present paper monotone difference schemes of the second order of approximation and accuracy for differential boundary-value problems of the second and third kind without using the basic differential equation at the domain of the boundary are constructed. The main idea is based on the assumption of the existence and uniqueness of a smooth solution in some sufficiently small neighborhood of the definition domain of the problem and the use of only half-integer nodes of the grid (boundary points are excluded from the calculated nodes). In this case, the boundary conditions are directly approximated with the second order on a two-point stencil. If we assume that the equation has a meaning at the boundary nodes as well, then in this case monotone schemes of the fourth order of accuracy have been constructed. It is shown that in the case of Neumann problem it is necessary to construct such computational procedures, which are monotone and satisfy the grid maximum principle with respect to the flow (of the first derivatives with respect to space variables). 2000 Mathematics Subject Classification: 65M06; 80A22; 65M50. Keywords: monotone scheme, boundary conditions of the second and third kind, accuracy, maximum principle.
Introduction
Difference schemes satisfying the grid maximum principle are called monotone schemes. In this case, it is possible to obtain a priori estimates of the grid method in the uniform norm C. Monotonicity condition of the scheme plays an important role in computational practice, since the systems of algebraic equations obtained on the basis of such methods are well conditioned. Extensive literature is devoted to the construction and investigation of monotone difference schemes for equations of mathematical physics with various types of boundary conditions. We only refer to a few monographs [4, 6] and works [1, 3, 7] .
It is very important to preserve the second order of approximation and accuracy in monotone schemes. Usually an increase in approximation of boundary conditions is achieved by using the initial differential equation at the domain boundary. However, e.g., for parabolic equations it is difficult to prove the convergence with the second order in the space variable. The use of the method of energy inequalities and the embedding theorems in the multidimensional case does not permit achieving the desired result either. Naturally, it is necessary to try to increase the accuracy of monotone schemes without increasing the stencil of difference schemes (the number points participating in the writing of difference equations).
In the present paper, we propose an approach to the construction of monotone difference schemes for differential problems with boundary conditions of the second and third kind without using the basic differential equations at the domain boundary preserving the second order of approximation and accuracy.
The main idea is based on the assumption that there exists a unique smooth solution in some sufficiently small neighborhood of the definition domain of the problem and on the use of only half-integer nodes of the grid. In this case, the boundary conditions are directly approximated with the second order on the two-point stencil. If we assume that the equation has a meaning at the boundary nodes as well, then in this case monotone schemes of the fourth order of accuracy have been constructed. The basic point of the construction and investigation of the monotone schemes of a higher order of accuracy are illustrated on fairly simple models of one-dimensional and multi-dimensional boundary-value problems of mathematical physics. The obtaining of a priori estimates in the norm C is based on the application of the maximum principle to the unique canonical form of writing difference equations for all grid nodes.
In Section 2 the third boundary-value problem for the ordinary second-order differential equation is considered
We introduce the grid with half-integer nodes
on which equation (1) is approximated with the second order on the three-point stencil and the boundary conditions -on the two-point one.
For sufficiently small
by the maximum principle a priori estimates of stability and convergence with the second order of the solution of the difference problem to the exact solution of the differential problem have been obtained. Condition (4) has been generated by the positivity requirement of coefficients of the canonical form of writing only at the boundary nodes of the grid and by the assumption of the continuous extension to the solution u = u(x) in h/2-the neighborhood of the definition domain of the problem Ω h/2 = {x : −h/2 x l + h/2}. Actually, it limits only the first and last grid step. If this requirement is rather stringent then inside the domain we can use another grid step with an arbitrary value. In this case, we generally arrive at non-uniform grids, which are not considered in this paper. Nevertheless, following works [3, 5] , we can also construct monotone schemes of the second order of local approximation and accuracy on an arbitrary non-uniform grid using only the three-point stencil.
Moreover, in this paper we do not discuss problems of the existence and uniqueness of the continuous solution of problem (1)-(3) in some sufficiently small neighborhood Ω h/2 of the definition domain. This problem deserves separate consideration, e.g., on the basis of the well-known Cauchy-Picard theorems [2] .
Note that in this section we give an a priori estimate of stability in the uniform norm and with an arbitrary choice of the grid step h. However, in this case the scheme is no longer monotone in the sense of the classical maximum principle.
Assuming that the differential equation (1) has a meaning at the boundary points x = 0, l, in this case one can also construct monotone schemes of the fourth order of accuracy on the three-point stencil as well. The corresponding algorithms and the estimate of accuracy are given in Section 3.
In Section 4 the Neumann problem for the parabolic equation
is considered. According to the results of Section 2, for the given problem difference schemes of the second order of local approximation are constructed. Unfortunately, at the boundary nodes the conditions of the maximum principle are not met and it is impossible to obtain a priori estimates directly for the solution of the difference problem. Nevertheless, introducing the substitution
problem (5)-(6) can be transformed to the Dirichlet problem for the function v
In Section 4, such a substitution is realized at the grid level. The corresponding system of the difference equations already satisfies all maximum principle conditions and it is shown that if the function k(x, t) is a monotonically decreasing function with respect to the time variable ∂k ∂t < 0 , then the corresponding a priori estimate obtained for the flow expresses even the asymptotic stability. In the general case, the ρ-stability of the scheme with ρ > 1 has been proved. The results obtained in this section show the fundamental difference of the construction and investigation of monotone schemes with boundary conditions of the second kind from other types of boundary conditions. This difference is as follows: in the case of the Neumann problem, it is necessary to construct monotone schemes satisfying the maximum principle with respect to the flow v.
In Section 5, the obtained results are generalized to the third boundary-value problem for the two-dimensional parabolic equation
The monotone difference schemes of the second order of approximation constructed for this problem are reduced to a uniform canonical form for the internal and boundary nodes
It is shown that for sufficiently small steps of the two-dimensional space grid
sufficient positivity conditions of coefficients are fulfilled and on the basis of the maximum principle the stability of the difference problem solution to the perturbation of the initial data, the boundary conditions and the right-hand side is proved.
Boundary-value problem for the ordinary differential equation
Consider the following boundary-value problem for the ordinary differential equation of the second order:
We introduce the domain of definition of the problemΩ and its h/2-neighborhoodΩ h/2 :
) is existent and unique and can be continuously extended to the domainΩ h/2 , where
Difference scheme
In this section we construct a difference scheme of the second order of local approximation for the solution of differential problem (7) - (9) with the approximation of the differential equation on the three-point stencil and of the boundary conditions -on the two-point stencil. On the [0,l] segment we consider the ordinary uniform gridω h = {x i = ih, i = 0, N , hN = l} with a constant step h. Take the midpoints of the obtained intervals and add two points
. Such a point set will produce one more uniform grid with the same constant step h and half-integer nodes.
We approximate the initial problem on the introduced gridω * h/2 by the difference scheme (index form of writing):
where the gage functionals of schemes (10) - (12) are chosen from the condition of the approximation of the corresponding differential operators with the second order:
To realize this scheme, the Thomas algorithm can be used.
Maximum principle
Further we will use the following canonical form of writing the difference scheme [4] for the grid functionȳ i = y(x i−1/2 ):
We assume that the following positivity conditions of the coefficients are met:
The maximum principle for problem (14) -(17) has been proved in [4] and is formulated in the following way. Proof. We introduce into the consideration the following grid norms:
We now obtain the a priori estimate of the solution of problem (14) - (15) expressing the stability to the perturbation of the right-hand side and boundary conditions. This estimate will be needed for further investigations. 
takes place.
Proof. Two cases are possible: the maximum of the grid function modulus is attained at some interior point (i = 1, 2, . . . , N ) or on the boundary (i = 0, N + 1). First assume that the maximum is attained at some interior point 1 i * N , i.e.
Then for i = i * the inequality
follows from equation (14). Taking into account condition (17) and assumption (19), from the last inequality we obtain the relation
If the maximum is obtained at one of the boundary points then
Integrating inequalities (20), (21), we obtain the estimate
For the first boundary-value problem the result would have already been proved. But since in our caseȳ 0 andȳ N +1 are not given explicitly, we have to express these values in terms of the data of the problem. Let the maximum of the grid function modulus be attained for i = 0. Then from the first equation of (15) we obtain the estimate
Otherwise
Integrating estimates (20), (23) and (24), we arrive at the theorem approval.
Estimate (18) can also be proved under more general conditions for the coefficients of the difference problem. Proof of this statement is similar to the proof of Theorem 2.
Theorem 3. Let the following conditions
We now obtain an a priori estimate for the solution of problem (10) -(12). Reducing it to the canonical form (14), (15) we find the corresponding coefficients:
Since for any choice of the gage functionals
the positivity conditions of coefficients (16) are fulfilled and
In accordance with a priori estimate (18), for the solution of the difference problem (10)-(12) the inequality
takes place. This inequality (by virtue of the linearity of the problem) provides the stability in the sense of the boundary conditions and the right-hand side.
Remark 1. Using Theorem 3, for the solution of the difference scheme (10)-(12) it is easy to obtain an a priori estimate of stability in the uniform norm
without any restrictions on the grid step h. However, in this case the scheme is no longer monotone in terms of the fulfillment of the classical maximum principle.
Approximation error and convergence
Substitutingȳ =z +ū into equation (10) -(12) and using standard notations [4] 
for the error of the methodz, we obtain the problem:
where ψ 0 , ψ 1 , . . . , ψ N +1 are the approximation errors of the boundary conditions and the differential equation on the solution of problem (7) -(9). By virtue of the assumptions made
,
The last relations point to the second order of approximation. Using the a priori estimate (25) for the solution of problem (26) - (28) we obtain the following inequality
expressing the second order of accuracy.
Monotone difference schemes of the fourth order of approximation
To make the reasoning graphic, we will consider, instead of (7) - (9), the simpler model
On the introduced gridω * h , we approximate the differential problem by the difference problem yx
whereȳ (0.5),i = 0.5(ȳ i−1/2 +ȳ i+1/2 ), and the gage functional d, ϕ, σ 1 , σ 2 , µ 1 , µ 2 will be determined a bit later from the condition of the fourth order of approximation. Substitutinḡ y =z +ū into equations (32), (33), we obtain the problem forz:
We first consider the residual
and take into account (30) for x = x i−1/2 . We obtain
.
From this it is seen that
into formula for ψ, we have
Thus, if we assume
then we obtain
We now turn to the approximation of the boundary conditions. Consider the residual
Substituting here the relations
obtained by means of the Taylor formula and relations (30), (31), from (37) we obtain the represntation
Consequently, if we assume
Reasoning similarly, we can show that for
the error of approximation of the second boundary condition
also has the fourth order of approximation.
To apply the maximum principle, it is necessary to require that the step h satisfies the conditions
Then, in accordance with the a priori estimates (25), (29) for the solution of the difference problems (32) -(36) the following estimates
, c = const > 0 take place.
Neumann problem
Unfortunately, the above maximum principle for the investigation of the difference schemes with the boundary conditions of the third kind cannot be directly applied to the Neumann problem. In this case, it is necessary to construct such finite difference methods which would be monotone with respect to the first derivative (of the flow). Below, on the basis of the ideas given in Section 2, the corresponding difference schemes, for which the a priori estimates of stability in the uniform norm have been obtained, are constructed. In so doing, if the coefficient k = k(x, t) is a monotone decreasing function, then one can prove even the asymptotic stability. Otherwise we arrive at a priori estimates of ρ-stability with ρ > 1. Let in the domainQ = {(x, t) : 0 x l, 0 t T } be required to find the continuous function u = u(x, t) satisfying the following initial-boundary-value problem:
We assume that a solution is existent and unique, it possesses all the required continuous derivatives and can continuously be extended into the h/2-neighborhood of the definition domain of the problem
We introduce into the consideration gridsω,ω * with integer and half-integer nodes with respect to space variablē
We calculate the sought grid functionȳ = y(x i−1/2 , t n ) in half-integer nodes. Besides, we use the notationsȳ
On the introduced gridω * , we approximate the differential problem (38)-(40) by the difference problemȳ
, N , and differentiating equation (41) with respect to x, from the system of equations (41)- (43) we obtain the difference problem for the flow
We write this system of difference equations in the canonical form
with the coefficients (44)- (45), we obtain the inequality
Let us first assume that the function k(x, t) is the function monotonically decreasing with time
Then the inequality
On the assumption of (47) from inequality (46) the estimate
follows.
In the general case
From relation (46) we obtain the estimate of the ρ-stability of the form
If instead of (40) the boundary conditions of the third kind are given, then in this case it is easy to determine the a priori estimates for solving the difference problem. This question will be discussed in the following section.
Two-dimensional parabolic problem
Below we construct monotone difference schemes of the second order of accuracy for twodimensional parabolic equation on standard stencils. Let in the domainQ =Ω
it is required to define the continuous function u = u(x 1 , x 2 , t) satisfying the following boundary-value problem:
where Γ T -is the boundary of the domain Q, σ = σ(x, t) > 0, µ(x, t) are the given functions, ∂u ∂n is the derivative with respect to the external normal to Γ T . As in the onedimensional case, we assume that the solution u = u(x, t) can continuously be extended to some sufficiently small neighborhoodQ h/2 of the domainQ:
In the domainΩ, we introduce the ordinary grid with integer nodes
and in the domainQ h/2 -with half-integer nodes 
y(x, 0) = u 0 (x 
Hereinafter we will use the following uniform canonical form of writing the difference equations
where γ h is the set of boundary nodes of the gridω h/2 , µ (x) = µ(x) \ {x}, µ(x) is the scheme stencil.
Let
|.|.
The following statement takes place. 
